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Abstract 

Bulk solid stockpile reclaiming by gravity through bottom reclaimers at the base is a common method in the industry, 

as it is inexpensive, although it requires large plant floor areas. The complexity of actual particulate systems and the 

configuration of the recovery system often makes the quantitative prediction of dead volumes after recovery difficult, 

especially if historical or experimental data are not available. Incremental advances in design criteria and innovation 

can result in remarkable gains, due to the large amount of bulk materials currently handled. Research in this field, 

therefore, is still of importance. This article addresses the live volume fraction of conical stockpile recovered through 

underground hoppers and conveyor belt, comparing bench-scale empirical data with indirect measurements by drone-

based aerial photogrammetry and mathematical modeling, via analytical geometry and computational simulation 

employing cellular automata. The results have shown excellent statistical adherence of the estimates both via 

photogrammetry and mathematical modeling. 

Keywords: Gravity reclaim; Bulk solids handling; Cellular automata; Analytical geometry; Modeling teaching. 

 

Resumo  

A retomada gravitacional de pilhas de granéis através de retomadores na base é método comum na indústria, por ser 

barato, embora requeira grandes áreas de chão de fábrica. A complexidade dos sistemas particulados reais e da 

configuração do sistema de retomada torna, não raramente, a previsão quantitativa dos volumes mortos após a 

recuperação, difícil, máxime se dados históricos ou experimentais não forem disponíveis.  Avanços incrementais nos 

critérios de projeto e em inovação podem resultar em ganhos notáveis, devidos à grande quantidade de granéis 

atualmente manuseados. A pesquisa neste campo, portanto, ainda se reveste de importância. Este artigo aborda a fração 

de volume vivo de pilha cônica retomada por meio de tremonha subterrânea e correia transportadora, comparando dados 

empíricos em escala de bancada, com medições indiretas por aerofotogrametria baseada em drones e modelagem 

matemática, por geometria analítica e por simulação computacional empregando autômatos celulares. Os resultados 

mostraram excelente aderência estatística das estimativas tanto via fotogrametria quanto por modelagem matemática.  

Palavras-chave: Retomada gravitacional; Manuseio de granéis; Autômatos celulares; Geometria analítica; Ensino em 

modelagem. 

 

Resumen  

La recuperación gravitacional de las pilas de almacenaje de material a granel por medio de recuperadores de fondo es 

un método común en la industria porque es barato, aunque requiere grandes areas de la planta. La complejidad de los 

sistemas de partículas reales y la configuración del sistema de recuperación a menudo dificultan la predicción 

cuantitativa de los volúmenes muertos después de la recuperación, especialmente si no se dispone de datos históricos o 

experimentales. Los avances incrementales en los criterios de diseño y en la innovación pueden resultar en ganancias 

notables, debido a la gran cantidad de materiales a granel que se manejan actualmente. La investigación en este campo, 

por lo tanto, sigue siendo importante. Este artículo discute la fracción del volumen vivo de la pila cónica recuperada 

mediante tolva subterránea y cinta transportadora, comparando datos empíricos a escala de banco, con mediciones 

indirectas mediante aerofotogrametría basada en drones y modelación matemática, mediante geometría analítica y 

simulación computacional empleando autómatas celulares. Los resultados mostraron una excelente adherencia 

estadística de las estimaciones, tanto por fotogrametría, como por modelación matemática. 
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Palabras clave: Recuperación gravitacional; Manipuleo des sólidos a granel; Autómata celular; Geometría analítica; 

Enseñanza en modelado. 

 

1. Introduction 

The storage in big stockyards employing inferior reclaimer is quite used in the industry due to its convenience. However, 

some aspects of its use are more conditioned to empiricism than to the knowledge of the rheological behavior of the granular 

solids. One of the main problems is the determination of the useful pile’s volume (Roberts, 2006; Luz & Peres, 1992), since part 

of the pile volume does not flow as a result of interparticle friction. A funicular surface occurs at the end of the flow of the so-

called live volume. In general, this surface is modeled as conical, not infrequently with the inclusion of an axial conduit known 

as a "rathole”. The situation worsens in the case of high stockpiles (sometimes up to 40 meters), which tends to lead to 

conservative design criteria, implying higher costs. 

The correct estimation of the useful capacity of storage and regularization stockpiles becomes more difficult when it 

comes to multiple points of inferior reclaiming, especially in the case of non-symmetrical configurations (permanent or 

occasional) of the coordinates of the extraction points. To deal with this drawback, Luz and Perez (1992) have conceived a Monte 

Carlo-based system for simulation of generic positioning funicular surfaces, and adopting the simplification of circular 

reclaiming openings and conical surfaces with straight geratrices. 

This work aimed at the comparison of estimation methods for the actual useful volume fraction of conical piles with 

lower reclaim. Mathematical modeling of the extraction funnel ultimate surface, which has been — generally and inappropriately 

— modeled as a conventional inverted cone, was also here performed, finding a funicular surface revolution with excellent 

topographical adherence to the experimental coordinates. In line with this modeling, the stockpile simulation was also performed 

using cellular automata-based algorithms. Completing the comparative study, an aerophotogrammetric survey of the 

experimental pile was carried out, using a small unmanned vehicle (drone), which demonstrated good positional accuracy. In 

order to perform this comparison, experiments to obtain constitutional parameters of silica sand, on a bench scale, were carried 

out. 

 

2. Conceptual Framework: Parameters and Features 

The experimental determination of granular media flow parameters is, in principle, a challenge. Firstly, it is due to the 

scarcity of standards for performing bench tests with granular materials. Secondly, because scale change does interfere directly 

with the material's flow behavior, hindering the calibration of models. It is also usually necessary, in parallel, mathematical 

modeling with satisfactory accuracy level that allows validation of parameters, thus avoiding the occurrence of problems, such 

as obstructions, segregation, etc. These parameters depend on factors such as particle size distribution, particle shape, chemical 

composition of the material, moisture, storage time, and temperature (Schulze, 2007). 

 

Morphometry 

The shape (and roughness) of the particles greatly influences their flowability. More rounded surfaces tend to have more 

flowability, while angular particles hinder the flow. Solid bulk particles usually have a wide variety of shape. Particle shape can 

be described, at least roughly, by the sphericity and roundness. The first one serves to demonstrate how close the particle is to a 

sphere of equivalent volume, while the second index is related to the degree of curvature of the corners, namely: vertices and 

edges (Suguio, 1973). According to Wadell (1935), sphericity is the relationship between the surface area of the equivalent 

sphere and the surface area of the particle. Its calculation is done by:  
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𝜓 =
𝑆𝑒𝑞

𝑆𝑝

=
𝜋 × (𝑑𝑒𝑞)

2

𝑆𝑝

=
√36 × 𝜋 × 𝑉𝑝

23

𝑆𝑝

 (1) 

Where: ψ is the Wadell’s sphericity; deq is the diameter of the equivalent sphere; Vp is the particle volume; and Sp is the 

actual surface area of the particle. 

Occurrence of interstitial liquid (usually water) in unconsolidated granular media can substantially alter its properties. 

The size distribution of the material directly influences its behavior. Grains with a diameter smaller than 0.075 mm are more 

active in physical-chemical processes, and act in the expansion and contraction of the volume by varying the volume of water. 

However, grains with diameters greater than 0.075 mm to 2.0 mm have smaller specific surface areas and do not present 

significant physical-chemical activity. The interstitial liquid is more important in porosity and capillarity when the system is 

close to saturation (Das & Sobhan, 2014).  

When it comes to porosity, Prado et al. (2022) have achieved good predictability in particulate systems that can be 

described by the Rosin–Rammler distribution, which can be expressed by: 

𝑌𝑝 = 1 − 𝑒
[𝑙𝑛(

1
2
)(

𝑥
𝑥50

)
𝑞
]   

    (2) 

Where: Yp — mass fraction of particles of diameter smaller than x [–]; x — particle size [m]; x50 — median size [m]; q 

— sharpness parameter [–]. For such a system, with random packing, the porosity can be estimated by (Prado et al., 2022): 

𝜀(𝑞) = 0.2204 × [1 − 𝑒
−(

𝑞

1.1419
)
1.4411

] + 0.1503     (3) 

Where: ε(q) — volume bed porosity as a function of the sharpness index [–]. Equation (3) holds for spheroidal particles. 

Dynamic angle of repose () of a granular material is the angle between the horizontal plane and the maximum slope 

of the surface resulting from a pile formed by free accumulation. It is appreciably affected by grain size and moisture. 

Discrepancies from the reference test, segregation of material, and variation of moisture over time may generate different values 

of angle of repose for the same material (Wadell, 1935). 

Considering a previously dumped granular material, the subtended angle () between the horizontal plane and the 

maximum slope of the planar (unconfined) surface resulting from a reclaiming operation by a linear recovery system is called, 

here, static angle of repose, sometimes called “angle of reclaim” (Walker, 2009).  

 

Powder flowability criteria  

The bulk flowability is characterized by the ratio between unconfined tension (σc) and consolidation stress (σ1), called 

the flow function, or Jenike’s flow index (Bandeira et al., 2020), given by equation (4). The easier the flow, the smaller is the 

parameter ffc (Figure 1). 

𝑓𝑓𝑐 =
𝜎1

𝜎𝑐

       (4) 

Unconfined and consolidation stresses are determinable by shear cell testing. This test consists of the application of 

shear force (applied at a constant speed) on the lid of a cylindrical chamber filled with the sample. The yield locus is used to 

measure the flowability parameters. 
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Figure 1 — Flowability as function of unconfined tension (σc) and consolidation stress (σ1)  

Source: Modified from Schulze (2008). 

 

Hausner ratio and compressibility index  

Hausner ratio (HR) and compressibility index (CI) are measures of gravity flowability of bulk solids and depend on the 

apparent density of the loose granular media, and on the ultimate density after sequential compaction (tapping) steps, reducing 

interparticle voids. For free-flowing materials, the density changes before and after compaction will be insignificant. High values 

correspond to low flowability (Carr, 1965). The Hausner index and the compressibility index are given respectively by equations 

(5) and (6):  

𝐻𝑅 =
𝜌𝑐

𝜌𝑎

 (5) 

𝐶𝐼 =
(𝜌𝑐 − 𝜌𝑎)

𝜌𝑎

× 100 (6) 

The parameter ρc is the ultimate density (tapped density) and ρa is the bulk density of the loose material (before tapping). 

For easy-flowing granular material has HR < 1.25 (CI < 20 %); for fair-flowing material: 1.25 < HR < 1.40 (20 % < CI < 30 %); 

and for cohesive material:  HR > 1.40 (CI > 30 %). 

 

Fraction of live volume 

In the simplest case, a conical pile with incoherent material and a conical reclaim surface, in which the dimensions of 

the reclaimer/feeder are much smaller than the dimensions of the stockpile, the expression for the live volume fraction employing 

one central discharge opening for reclaiming is: 

𝜑 =
[𝑡𝑔(𝛼)]2

[𝑡𝑔(𝛼) + 𝑡𝑔(𝛽)]2
 (7) 

The following figure (Figure 2) illustrates the mathematical idealization with circular central reclaimer with non-zero 

area and conical reclaim surface, a somewhat more complex case than the previous one. The center of the triorthogonal coordinate 

system is located at the floor level (z = 0) and at the centroid of the discharge opening. 

http://dx.doi.org/10.33448/rsd-v11i6.28908
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Figure 2 — Idealization of a conical stockpile, showing the theoretical axial reclaim cone for a reclaimer with circular cross 

section with center in (0;0;0). 

Source: Authors’ own elaboration. 

 

By adopting an axial circular discharge hole with the same area as the actual rectangular opening (as shown in Figure 2), 

one can - with moderate effort - deduce the fraction of useful volume, as a function of the equivalent radius (r) of the discharge 

hole, the pile diameter (D), the static and dynamic angles of repose ( and , respectively). The fraction of useful or live volume 

can be calculated by the equation: 

𝜑 =

8 ⋅ {[(
𝐷
2
) ⋅ 𝑡𝑔(𝛼) + 𝑟 ⋅ 𝑡𝑔(𝛽)] ⋅ [

𝐷 − 2 ⋅ 𝑟

2 ⋅ (1 +
𝑡𝑔(𝛽)
𝑡𝑔(𝛼)

)
+ 𝑟]

2

− 𝑟3 ⋅ 𝑡𝑔(𝛽)}

𝐷3 ⋅ 𝑡𝑔(𝛼)
 

(8) 

From the model's premise, the equivalent radius is expressed as a function of the effective width (Bef) and the length 

(L) of the actual rectangular discharge opening, resulting: 

𝑟 = √
𝐵𝑒𝑓 × 𝐿

𝜋
 (9) 

In case of more than one reclaimer, there are a few plots that show the live volume percentages as a function of the 

number of reclaimers and/or the span between them, sometimes showing seemingly discrepant results (Allis Mineral Systems, 

1994; Telsmith, 2011). Approach for complex reclaimers arrays was advocated by Luz and Peres (1992), based on Monte Carlo 

method. 

Alternatively, erection and reclaim of bulk solid piles can easily be simulated using a two-dimensional model based on 

cellular automata, extrapolating to three dimensions, using the key concept of the Pappus-Guldinus theorem (Castro et al., 2021; 

Rautenberg & Probst, 2019). 

 

3. Materials and Methods 

Experimental setup: physical model 

A platform was built for bench-scale experiments (Figure 3). It allowed the stacking and reclaiming of bulk solid 

http://dx.doi.org/10.33448/rsd-v11i6.28908
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samples (siliceous sand), resulting piles with about 1.0 meter in diameter. The platform had a central rectangular aperture, under 

which was mounted the feed hopper that fed a conveyor belt, which was ultimately the cause of the granular material flow. 

 

Figure 3 — Left: bench scale model of pile with reclaim opening and belt conveyor. Right: feed hopper sized (dimensions: x1 

= 80 mm; x2 = L = 0.200 m; x3 = Bef = 0.060 m; equivalent radius: r = 0.0618 m). 

Source: Authors’ own elaboration. 

 

The height of the hopper gate opening is the key factor for practical adjustment. It depends on the displacement, material 

density and the remainder geometry feature. Once the reclaiming flow in this section is considered plug flow (equal residence 

time for all particles at gate vicinity), in case of rectangular section (with side loading skirts) and flat belt conveyor, the flow rate 

equation can be presented as: 

𝑄𝑣 =
𝑑𝑉

𝑑𝑡
=

𝑑𝑥 × 𝐴𝑐

𝑑𝑡
= 𝑣 × 𝐴𝑐 = 𝑣 × ℎ × 𝐵𝑒𝑓 =

𝑄

𝜌𝑎𝑝

 (10) 

Where: dx is the elementary displacement in the direction of motion [m]; dt is the infinitesimal time interval [s]; dV is 

the volume that crosses the cross-sectional area in the time interval dt  [m³]; Ac is the cross-sectional area to the movement [m]; 

h is the height of the outlet layer of the gate [m]; Q is the mass flow rate [kg/s]; Qv is the reclaiming volumetric flow rate [m³/s]; 

Bef is the effective width of the belt [m]; v is the velocity of displacement [m/s]; ρap is the bulk (apparent) density of the granular 

material [kg/m³]. From the preceding equation one has: 

ℎ =
𝑄

𝐵𝑒𝑓 × 𝑣 × 𝜌𝑎𝑝

 (11) 

In case of a trapezoidal cross section of the material on the belt, with the smaller base (top) having dimension b [m], the 

cross-sectional area of the stream tube would be:  

𝐴𝑐 = (𝑏 +
ℎ

𝑡𝑔(𝛽𝑠𝑢𝑟)
) × ℎ (12) 

Where sur is the angle of surcharge. Applying this formula in the preceding equation, the volumetric flow rate can be 

expressed by a second-degree equation with respect to height: 

𝑄𝑣 =
𝑄

𝜌𝑎𝑝

= 𝑣 × (𝑏 +
ℎ

𝑡𝑔(𝛽𝑠𝑢𝑟)
) × ℎ × 𝜌𝑎𝑝 (13) 

Good engineering practice recommends that the slope of the hopper chute should always be higher than 60 °, and it is 

http://dx.doi.org/10.33448/rsd-v11i6.28908
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therefore reasonable to adopt 75°. In operation, it is usually recommended that its speed should also not exceed 0.5 m/s. Another 

usual design criterion is that, at the exit from the hopper to the belt, the width of the reclaim mouth should be at least 2.5 times 

larger than the particle top size. 

The size and shape of the opening depends directly on the discharge flow rate and the flow function for a given material. 

According Jenike (1961), the discharge opening dimension should be the ratio between the unconstrained tension and the material 

density. 

In the experiments the granular material was dumped over the center of the platform from height of 0.5 m. The adjusted 

flow rate for the reclaim system was Q = 0.200 kg/s, using slot of the slide gate h = 0.06 m and effective width Bef = 0.06 m. 

The belt speed resulted equal to 3.97 cm/s. 

For the validity of the experiment, the material to be used must be or represent those applied in the industry, besides 

having a good flow condition. In order to meet these requirements, two sand samples from construction sector industry were 

used for conducting the experiments. Fine sand and medium sized sand commercial specifications were used. 

 

Live volume through aerial photogrammetry 

At this stage of the work the calculation of the live volume was performed using the technique of digital mapping by 

aerial survey with drone (from Aeromine Company). The use of drones and a remotely piloted aircraft (RPA) has been advocated 

to improve productivity and safety in industrial areas (Soares Jr. et al., 2021; Silva Neto et al., 2021). Photographic 

georeferencing was not effective due to the reduced scale of the tests. However, it was offset by the use of checkpoints 

intentionally inserted in the experiment scene. Drone flight height setpoint was 3.55 m. The statistical parameters of altimetry 

have shown good control performance. The actual average flight height was 3.5475 m, with standard deviation of 0.0035 m, and 

Pearson’s coefficient of variation of 0.0998 %. This is in line with achievements of Candido et al (2018), which demonstrate 

high spatial resolution of aerial photogrammetry by unmanned aerial vehicles. 

 

Modelling by analytical geometry 

The extraction cone shown in Figure 2, commonly does not properly represent the reclaim surface, because of the 

common occurrence of "ratholes", a phenomenon that has been studied, for instance, by Roberts (Roberts, 2005; Roberts, 2006). 

Within this context, surfaces of revolution that could take into account the existence of these axial channels (Dornelas et al., 

2021) were prospected here. In short, several generating lines that could result funnel-like surfaces of revolution were sought. 

After careful geometrical research, generating lines (starting in the xz plane) of type bellow were adopted: 

𝑧(𝑥 ′) = [(
𝑥 ′

𝑟
)

𝑛

− (
𝑥 ′

𝑟
)

𝑚

]

1
𝑛

× 𝑟 × 𝑡𝑔(𝛽) (14) 

Parameters n and m are even (in order to get mirror symmetry) and n > m. Here, x' is the abscissa, restricted to the 

vertical plane xz. The funnel-like (“funicular”) revolution curve around the z-axis will therefore be given by:  

𝑧 = 𝑓(𝑥 ′) = 𝑓 (√𝑥2 + 𝑦2) = [(
√𝑥2 + 𝑦2

𝑟
)

𝑛

− (
√𝑥2 + 𝑦2

𝑟
)

𝑚

]

1
𝑛

× 𝑟 × 𝑡𝑔(𝛽) (15) 

It should be noted that, as n is greater than m, when x assumes large values (that is, when it moves away from the 

confinement condition), the surface tends to a cone with wall slope angle equal to the asymptotic value (  is the angle of static 

friction, or angle of reclaim, in a flat slope). The following figure shows the profile of two generating lines, with promising 

http://dx.doi.org/10.33448/rsd-v11i6.28908
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exponents: m = 2, and n = 4 or, alternatively, n = 6. 

 

Figure 4 — Two generating lines for funnel-like reclaim surface with   = 48.46o; r = 0.0618 m; m = 2 (curve 1: n = 6; curve 2: 

n = 4). 

Source: Authors’ own elaboration. 

 

In order to calculate  (asymptotic), the average value of the tilt angle of the cone (cone) with the same area as the 

opening for basal reclaim — and with the same (3D) curve of intersection with the pile cone — was initially calculated, from a 

pile's photographic top view after the end of a reclaiming operation. Thereafter, using analytical geometry, the value of the 

asymptotic slope angle of the funnel-like surface was calculated. The corresponding equation was: 

𝛽 = 𝑎𝑟𝑐𝑡𝑔

[
 
 
 
 
 

(𝑥𝑖
′ − 𝑟) × 𝑡𝑔(𝛽𝑐𝑜𝑛𝑒)

𝑟 × √(
𝑥𝑖
′

𝑟
)

𝑛

− (
𝑥𝑖
′

𝑟
)

𝑚
𝑛

]
 
 
 
 
 

 (16) 

The following figure illustrates the geometric constraints (at intersection point I), using typical numerical values for the 

system under study (fine sand). 

In order to calculate the live volume of the modeled cell, one can apply the Pappus-Guldinus theorem, which is 

expressed by: 

𝑉 = 𝜃 × 𝑥𝑐 × 𝐴𝑐    (17) 

Where: V is the volume generated by the revolution of the generating line; θ is the angle of revolution executed around 

the axis; xc is the distance from the centroid of the plane figure to the axis of revolution; Ac is the area of the rotating flat figure, 

i. e.: area between the curve (3) of Figure 5 and the line x = r, plus the rectangle between the vertical lines x = 0, and x = r, with 

the average height of the crest (point of intersection point I). In the present case: θ = 2π. 

http://dx.doi.org/10.33448/rsd-v11i6.28908
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Figure 5 — Generating lines: cone of pile (1), apparent reclaim cone (2) and funnel-like curve (3). 

Source: Authors’ own elaboration. 

 

The area comprised between curve (3) of Figure 5 and x = r can be easily obtained by using a numerical integration 

method in a spreadsheet, as well as the abscissa of its centroid, which is expressed by: 

         𝑥𝑐 =
1

𝐴𝑐
∫ 𝑥 × 𝑑𝑆
𝑆

 (18) 

In the present work, 500 points of integration were used employing the trapezoidal method, and the results have 

coincided with the values obtained by the EasyPlot® software (a statistical package from Spiral Software). 

 

Modelling by cellular automata 

This modeling was performed following the method preconized by Castro et al. (2021). In this type of stockpile model, 

a ternary composition of grain sizes was used, the smaller grain being represented by 1 pixel, or 1 mesh cell, and the larger grain 

represented by 9 pixels (3 x 3 pixels), or nine mesh cells. In view of this, the effects of segregation are pronounced, as the pile 

is built, causing the grains to 'fall' from the pile axis. 

The construction of the pile ends when its base meets one of the side limits of the mesh of cellular automata. After this, 

the simulation of the reclaiming process at its base is started; This is done by ‘eliminating’ the grains randomly located at the 

base and around the axis, according to a Gaussian distribution, and by letting the adjacent grains ‘flow’ down, or similarly, by 

making the voids generated at the base, flow up the stack. 

 

4. Results and Discussion 

Experiments 

As a previous step, characterization was performed and the results for the two samples are given in the Table 1. 

http://dx.doi.org/10.33448/rsd-v11i6.28908
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Table 1 — Samples properties datasheet. 
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Medium 0.6 to 0.2 mm 1380.0 kg/m³ 1.9 % 34o 1.04 4.4 % 

Fine 0.2 to 0.06 mm 1420.0 kg/m³ 3.1 % 39 o 1.09 9.8 % 

Source: Authors’ own elaboration. 

 

The experimental results for stockpile models using the two sand specifications are summarized in Table 2, together 

with their descriptive statistics.  

 

Table 2 — Experiments results and their statistical variability. 

Property Fine sand Medium sand 

Live volume fraction average 17.74 % 17.79 % 

Sample standard deviation of live volume fraction 0.0037 % 0.0046 % 

Pearson’s coeficiente of variation 2.08 % 2.71 % 

Uncertainty (percentage points) of the live volume fraction (by Student’s t-test) 0.26 % 0.35 % 

Source: Authors’ own elaboration. 

 

The fraction of live volume obtained by the mass balance was compared with the value presented in Faço’s Manual of 

Crushing (Allis Mineral Systems, 1994), which deals with abacuses of prediction of stockpile’s live fraction for reclaim systems. 

 

Figure 6 — Pile configuration, before and after a reclaiming test. 

Source: Authors’ own elaboration. 

 

Live volume through aerial photogrammetry 

The volumetric analysis of the fine sand pile, after image treatment for conversion of the information from pixels to 

cubic meters, has gotten the following results: initial pile volume was 0.07333194 m³, the remaining volume after reclaim was 
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0.06035318 m³ resulting a fraction of useful volume of 17.69 % (Figure 7). The same procedure was performed for the 

experiment using medium sized sand as material. The initial volume was 0.06853452 m³, the remaining volume after recovery 

was equal to 0.05674558 m³, resulting in 17.20 % for useful volume fraction. 

 

Figure 7 — Right: processed image of the medium sand pile after reclaim. Left: draft displaying radial dimensions to calculate 

the average static angle of repose. 

Source: Authors’ own elaboration. 

 

Modelling by analytical geometry 

The measurement of the horizontal projection of the extraction crater crest allowed the estimation of the experimental 

general static angle of repose: cone = 59.49º (average of eight radial values, as shown in figure 7). The application of this average 

in Equation 16 has returned an average static angle of repose (asymptotical):   = 48.46º.  

The best statistical adherence to the experiments was obtained with the exponent values: m = 2 and n = 6 of funicular 

crater following Equation 15. This mathematical model can be seen in Figure 8. 

 

Figure 8 — Funnel-like reclaim surface, with m = 6; n = 6; - 0.3 m ≤ x ≤ + 3.0 m; - 0.3 m ≤ y ≤ + 3.0 m; - 0.05 m ≤ z ≤ + 0.55 

m (image powered by Google Chrome). 

Source: Authors’ own elaboration. 
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The fraction of useful volume calculated for conical reclaim was close to the empirical values, but with a higher value: 

20.72 %. Keeping the same parameters, the fraction of live area in the cross-section of the system accounted for 48.53 %. 

In turn, the fraction of useful volume calculated for recovery with funicular surface was very close to the empirical 

value, being equal to 17.35 %.  

 

Modelling by cellular automata 

In the following model, the cross-sectional area covered by the small grains (lighter shade), and by the large grains 

(darker shade), is the same, so that the volumetric ratio of each size range in the feed during the simulation of the stacking (pile 

formation) is 50 %. However, the proportions during the reclaim do vary, by the effects of size segregation. 

 

Figure 9 —Two-dimensional stockpile modeled via cellular automata and resulting dead cross-sectional area. 

Source: Authors’ own elaboration. 

 

The angle of repose of the model arises from the composition of fine and coarse particles. In this simulation, the 

maximum allowed angle for fine particles and medium sized particles is 45º and for the coarse particles 52º. The value obtained 

for the resulting angle of repose was 37.3°. 

During reclaim, the model constraints have imposed a limitation to the gravity flow of the particles, with descending 

inclined movement being up to 45º, but, as observed, stratification appears to play a resistance to flow, increasing the angle of 

repose to 56°. 

In the model of Figure 9, the 2-D stockpile consists of 56,748 grains of size 1, 13,874 grains of size 2, and 6,177 grains 

of size 3, representing a total volume of 56,748 + 4 × 13,874 + 9 × 6,117 = 167,297. The ‘dead’ area represented in Figure 9 has 

a total value of 29,966 + 4 × 7,863 + 9 × 3,844 = 96,014. This results in a fraction of useful cross-sectional area equal to 42.6 %. 

The Pappus-Guldinus theorem must be used to calculate the value of the useful volume, assuming the surface of revolution, with 

the z-axis of rotation (Gual-Arnau & Miquel, 2006). 

The specular symmetry of the generated model is not mathematically perfect. Then, the Pappus-Guldinus theorem was 

integrated so that the values of the areas have undergone a linear modification from the lowest value to the highest value, as the 

angle of rotation increased (from 0 to π). The corresponding values of the radii of rotation (from the axis of rotation to the areas 

centroids) also have suffered the same linear variation. The volume after the “revolution” was calculated by:  

𝑉 =  2∫ �̅�(𝜃) 𝐴𝑐(𝜃)𝑑𝜃
𝜋

0

 (19) 

Where:  
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𝐴𝑐(𝜃) =  𝐴𝑐𝐿  +  
(𝐴𝑐𝑅  −  𝐴𝑐𝐿)  ×  𝜃

𝜋
 {

𝑠𝑒 𝐴𝑐𝑅 > 𝐴𝑐𝐿

𝑝𝑎𝑟𝑎 𝜃 ∈  [0, 𝜋]
 (20) 

�̅�(𝜃) =  𝑑𝐿  +  
(𝑑𝑅  −  𝑑𝐿)  ×  𝜃

𝜋
 {

𝑠𝑒 𝑑𝑅 > 𝑑𝐿

𝑝𝑎𝑟𝑎 𝜃 ∈  [0, 𝜋]
 (21) 

Here: AcL — area of the left part of the pile [m²]; AcR — area of the right part of the pile [m²]; dL — distance from the 

centroid of the left part of the pile [m]; dR — distance from the centroid of the right part of the pile [m].  

Solving this integral, the equation for the three-dimensional stockpile volume is: 

𝑉 = 2𝜋 × (
𝐴𝑐𝐿 ∙ 𝑑𝐿

3
+

𝐴𝑐𝐿 ∙ 𝑑𝑅

6
+

𝐴𝑐𝑅 ∙ 𝑑𝐿

6
+ 

𝐴𝑐𝑅 ∙ 𝑑𝑅

3
) (22) 

As shown in Figures 10 and 11, the centroid on each side of the axis closely approximates the intersection of medians 

(blue) of approximate triangle (red) on each side. 

 

Figure 10 — Approximation between the centroids of the pile’s sides (before reclaim), with the intersection of medians (in blue) 

of the triangles (in red). 

Source: Authors’ own elaboration. 

 

Figure 11 — Approximation between the centroids of the pile’s remaining sides (after reclaim), with the intersection of medians 

(in blue) of the triangles (in red). 

Source: Authors’ own elaboration. 

 

Therefore, the volume for the initial conical pile (from Figure 10) was that volume that would correspond to 84,119,346 

active pixels; whereas, after the reclaiming operation, the simulated residual volume (from Figure 11) has corresponded to 
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70,716,172 pixels. These numbers entail a fraction of the estimated useful volume of 15.60 %. 

It should be noted that the three-dimensional (and non-prismatic) pile configuration leads to a considerable difference 

between the fraction of live area (apparent in a given cross section) and the effective fraction of useful or live volume. 

Considering the cross-sectional area in the plane of symmetry, the fraction of live area by analytical modelling using conical 

geometry has resulted in 48.53%, while, by simulation through cellular automata, the fraction of live area was equal to 42.60%. 

 

5. Conclusion 

The dynamic volume quantification with the use of small-scale unmanned aerial vehicles (drones) proved to be fully 

reliable, and the experimental measurements of the live volume fraction, by weighing the stacked material and the remaining 

material after reclaiming operation, stayed at 17.74 % ± 0.26 % for fine sand and, on the other hand, 17.79 % ± 0.35 % for 

medium sand sample. The corresponding estimates, using drones, resulted in 17.69 % and 17.20 %, respectively. As far as the 

method employing analytical geometry is concerned, the value was very close to the estimate by aerial photogrammetry, resulting 

the value of 17.35%. 

Regarding the simulation by cellular automata, the results were satisfactory under the studied conditions, since the 

estimated useful volume fraction was 15.60 %. Part of the difference for less is probably due to the greater internal porosity of 

the stack, by virtue of the algorithm used. 

As a final consideration, it is interesting, in the future, to expand the scope of the present investigation, taking into 

account multiple reclaiming hoppers and other geometric configurations of stockpiles (radial piles and longitudinal ones). 

Undoubtedly, these are promising topics for the continuity of this kind of research, which will result in useful future publications. 
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